Abstract. In this paper we study flat deformations of real subschemes of P n , hyperbolic with respect to a fixed linear subspace, i.e. admitting a finite surjective and real fibered linear projection. We show that the subset of the corresponding Hilbert scheme consisting of such subschemes is closed and connected in the classical topology. Every smooth variety in this set lies in the interior of this set. Furthermore, we provide sufficient conditions for a hyperbolic subscheme to admit a flat deformation to a smooth hyperbolic subscheme. This leads to new examples of smooth hyperbolic varieties.
Introduction
The study of hyperbolic varieties grew out of the study of homogeneous hyperbolic polynomials. Hyperbolic polynomials were brought to light due to their applications to partial differential equations and in particular to the question whether a Cauchy problem is well posed for a given PDE (see [15, Ch. 23 ] for more details). A homogeneous polynomial f ∈ R[x 0 , . . . , x n ] of degree m is said to be hyperbolic with respect to a point e ∈ R n+1 if f (e) = 0 and if for every x ∈ R n+1 the univariate polynomial f (x + te) has precisely m real roots counting multiplicities. If for every x ∈ R n+1 the polynomial f (x + te) has m simple real roots, then f is called strictly hyperbolic with respect to e. The remarkable convexity properties of hyperbolic polynomials were discovered by Gårding in [8] . Gårding proved that the connected component C of e in R n+1 \ {f (x) = 0} is a convex cone. If f is irreducible, the closure of C is called the hyperbolicity cone of f . Hyperbolic polynomials and their hyperbolicity cones quickly found applications outside the scope of PDEs, for example in convex analysis [2] , in optimization [2, 10, 23] and in functional analysis [18, 19, 5] . See also [28] for additional examples of applications and references.
In 1968 Nuij considered the space of homogeneous polynomials of degree m in n + 1 variables, hyperbolic with respect to a fixed e ∈ R n+1 , with the topology induced by the norm of the vector of coefficients. He proved that this space has non-empty interior (the strictly hyperbolic polynomials) and it is connected and simply connected. This is the main theorem of [21] . In particular, every hyperbolic polynomial is a limit of strict hyperbolic polynomials and thus can be deformed to a smooth polynomial hyperbolic with respect to the same point. His result was used by Helton and Vinnikov in [14] to prove that every smooth hyperbolic hypersurface of degree m in P n (R) is isotopic to a union of cocentric spheres if m is even and a union of cocentric spheres and a single hyperplane if m is odd. Furthermore, the isotopy passes only through smooth real hypersurfaces hyperbolic with respect to e.
From now on all of the schemes, varieties and morphisms are assumed to be defined over R. In particular P n stands for P n R . Hyperbolic varieties were introduced by Vinnikov and the second author in [25] . A subvariety X ⊆ P n of dimension k is said to be hyperbolic with respect to a linear subspace E ⊆ P n of dimension n − k − 1 if E ∩ X = ∅ and for every linear subspace U ⊆ P n of dimension n − k that contains E, we have that U intersects X only at real points. This notion generalizes readily to subschemes of P n . The notion of general hyperbolicity was 1 further studied and expanded by the authors in [16] . In particular, it was proved that each connected component of the real points of a smooth irreducible hyperbolic variety of dimension k is homeomorphic to either S k or P k (R). This provided a partial generalization of the result of Helton and Vinnikov. We show, however, in Examples 3.7 and 3.8 that a straightforward generalization of the Helton-Vinnikov result fails.
In order to attempt a generalization of Nuij's result to the general hyperbolic case we need a slightly different point of view. Consider the space that parametrizes hypersurfaces of degree m in P n , that is P ( m+n n )−1 and inside this consider the subset of all hypersurfaces hyperbolic with respect to e. Then Nuij's theorem implies that this set is connected, has non-empty interior and every hyperbolic hypersurface is in the closure (all with respect to the classical topology) of the smooth ones hyperbolic with respect to the same point. In this paper we study the generalization of this question to the case of general hyperbolic varieties. Namely, let P be a univariate polynomial over Q of degree k and let H be the Hilbert scheme of closed subschemes of P n with Hilbert polynomial P . This is a projective scheme over R thus on the set H(R) we have the classical topology. We study the subset H yp E ⊆ H(R) of all closed subschemes hyperbolic with respect to a fixed linear subspace E of dimension n − k − 1.
In Section 2 we consider the set H yp E . Using the curve selection lemma from real algebraic geometry we prove Theorem 2.7 that states that H yp E is closed in the set of subschemes that do not intersect E.
In Section 3 we study the subset of subschemes hyperbolic with respect to E, such that the projection from E induces on them a map to P k unramified at real points. These subschemes are the generalization of strictly hyperbolic polynomials. In particular, by [16, Thm. 2.19] for every equidimensional smooth subvariety hyperbolic with respect to E, the projection from E is unramified at real points. We show that the set of such subschemes is an open subset of H yp E . Though unlike in the case of hypersurfaces, this subset can be empty or disconnected as is shown in Examples 3.7 and 5.2.
In Section 4 we apply the methods of [12] modified to our setting to obtain Theorem 4.7 that says that H yp E is connected. In particular, we show that every subscheme of P n hyperbolic with respect to E can be deformed into a tight fan of linear subspaces hyperbolic with respect to E such that every fiber of the deformation over a closed point is a subscheme hyperbolic with respect to E.
Section 5 starts with describing a class of first-order deformations satisfying a certain positivity condition. We call those deformations strict hyperbolic deformations. Let X ⊆ P n be a subscheme hyperbolic with respect to E and assume that there exists a strict hyperbolic deformation ϕ. Let x ∈ H yp E be the point corresponding to X and let us assume that the Hilbert scheme is smooth at x. Then ϕ corresponds to a tangent direction to the Hilbert scheme at x and there exists a curve tangent to ϕ that deforms X to a smooth subscheme that is hyperbolic with respect to E. This method provides new examples of smooth hyperbolic varieties.
Closedness of the Hyperbolic Locus
In the following, by a curve we mean a variety of dimension one (in particular reduced).
2.1. Lemma. Let f : X → Y be a dominant morphism of irreducible R-varieties. Let x ∈ X be a closed point such that y = f (x) ∈ Y is a smooth point. Let C ⊆ Y be an irreducible curve such that y ∈ C is a smooth point of C. There is an irreducible curve
Proof. Without loss of generality we can assume that X = Spec B and Y = Spec A are affine schemes where A ⊆ B is an extension (f is dominant) of finitely generated R-algebras without zero divisors. Let m ⊆ A and n ⊆ B be the maximal ideals corresponding to y and x. Let p ⊆ A be the prime ideal corresponding to C. 
Proof. Since f is quasi-finite, it suffices to show that every irreducible component of f −1 (C) is a curve. Let x ∈ f −1 (C) be a closed point. By assumption there is an irreducible component X i of X with x ∈ X i such that X i → Y is dominant. By Lemma 2.1 there is an irreducible curve 
Proof. Because every curve is Cohen-Macaulay, the assumptions imply that f is flat (cf. 
Proof. Let X 1 , . . . , X r be the irreducible components of X and let f i : X i → Y be the restricted morphisms. By assumption, every f i is dominant. We have
Thus, without loss of generality we can assume that X is irreducible.
Clearly, f is quasi-finite. By Zariski's main theorem [9, Thm. 8.12.6] there is a factorization
Clearly, S is the union of S ′ with a finite set of points and S ′ is closed by Lemma 2.3.
2.5. Lemma. Let E ⊆ P n be a linear subspace of dimension n − k − 1. Let C be a smooth irreducible curve and let W ⊆ P n × C be a closed subscheme, flat over C, all of whose fibers are closed subschemes of P n that do not intersect E. The set S of points in C(R) whose fiber is hyperbolic with respect to E is closed in C(R).
Thus S y is closed by Lemma 2.4. Since S = ∩ y∈P k (R) S y , the claim follows.
2.6. Lemma. Let X be a quasi-projective variety over R. Let S ⊆ X(R) be a semialgebraic subset.
Proof. First we note that (ii) follows directly from (i). We prove the contrapositive of (i): Let x ∈ S S. By the curve selection lemma [4, Thm. 2.5.5] there is a continuous semialgebraic map f :
. This is a curve with 
is an open subset of Y (R). 
is an open subset of Y (R).
Proof. First we consider the case where X is integral. We can restrict to the case where f is surjective and Y = Spec A, X = Spec B and B is finitely generated as A-module. Let K = Quot(A) and L = Quot(B). Let b ∈ B be an element whose minimal polynomial has coefficients in A and degree
we find that f factors as f = g • h where h : X → X ′ is surjective and birational and g : X ′ → Y is finite and flat. The set
is an open subset of Y (R) by Lemma 3.2. Clearly, S is S ′ minus a finite set of points and thus is also open.
Now we consider the case where X is irreducible. Let X red be the reduced induced subscheme structure on X and let f ′ : X red → Y be the induced morphism. By the previous step, we have that the set
) and since the latter set is closed, S is open.
In the general case let X 1 , . . . , X r be the irreducible components of X and let f i : X i → Y be the induced morphisms. Then S is the intersection of the open sets 
Proof. Let C ⊆ Y be an irreducible curve. By Lemma 2.6 it suffices to show that
which is open. Proof. Let W ⊆ P n × H ′ be a closed subscheme, flat over H ′ , all of whose fibers are closed subschemes of P n with Hilbert polynomial P that do not intersect E. 
is an open subset of The following two examples show that the set of smooth real subschemes of P n with the same Hilbert polynomial and hyperbolic with respect to E can be disconnected and that one can not always build even a topological isotopy between the real points of two hyperbolic curves in P 3 .
3.7. Example. Consider the twisted cubic (t 3 : st 2 : s 2 t : s 3 ) in P 3 , this curve is hyperbolic with respect to the line spanned by (4 : 0 : 1 : 0) and (0 : 1 : 0 : 1) (see [16, Ex. 4.15] 
, it is also hyperbolic with respect to the same line as the original one. However, by [3] there exists no deformation passing through only smooth real curves that connects the two since the writhe of the first curve is 1 and the writhe of the second is −1 (the second one is obtained from (t 3
To see this note that the projection from this line gives rise to the map
The Bézout matrix of these two polynomials is given by       
Connectedness of the Hyperbolic Locus
In [12] Hartshorne shows that the Hilbert scheme is connected. In this section we will check that the connecting path obtained by his construction passes only through schemes hyperbolic with respect to a fixed linear space.
Let us denote by E ⊆ P n the space spanned by the last n − k vectors of the standard basis, of dimension n − k − 1 and let E ⊥ be the orthogonal complement of E with respect to the standard inner product. 4.1. Lemma. Let X be a real scheme hyperbolic with respect to E, then there exists a flat deformation of X into a scheme with support E ⊥ over A 1 , such that the fiber over every R-point is hyperbolic with respect to E.
Proof. For each a ∈ A 1 {0} consider the automorphism σ a of P n defined by (x 0 , . . . , x n ) → (x 0 , . . . , x k , ax k+1 , . . . , ax n ). Then the X a = σ a (X) form a flat family parametrized by A 1 {0} which extends uniquely to a flat family over A 1 . The fiber X 0 over 0 agrees set theoretically with E ⊥ and for every a ∈ R the fiber X a is hyperbolic with respect to E.
Recall that in [12] Hartshorne defines for a coherent sheaf F on a noetherian scheme X the functors:
Now let F be a coherent sheaf on P n . We denote by n i (F ) the coefficient of z i in the Hilbert polynomial of R n−i (F ) multiplied by i!. We write: 
] the support of all the fibers is E
⊥ , hence the scheme we obtain is hyperbolic with respect to E.
A monomial ideal I ⊆ R[x 1 , . . . , x n ] is an ideal that is an ideal generated by monomials. Equivalently, if f ∈ I, then every monomial in f is also in I. The monomials form an ordered semi-group with respect to the coordinate-wise ordering. If I is a monomial ideal, it is in fact generated by all the monomials in I that are minimal with respect to this ordering. Let f ∈ R[x 1 , . . . , x n ] and let 1 ≤ i < j ≤ n. We define the polynomial f ij to be the polynomial obtained from f by replacing x i with x j . A monomial ideal I ⊆ R[x 1 , . . . , x n ] is called balanced if whenever f ∈ I and 1 ≤ i < j ≤ n are indices, we have that f ij ∈ I.
4.4.
Corollary. Let X r be the scheme obtained from X in the previous lemma. Then X r is supported on E ⊥ , hyperbolic with respect to E, monomial, balanced and satisfies n * (X r ) ≥ n * (X). 
n is a minimal (with respect to divisibility) monomial in I. A fan is a subvariety of P n whose ideal is the intersection of prime ideals of the form (x j1 − a 1 x 0 , x j2 − a 2 x 0 , . . . , x jr − a r x 0 ) where 1 ≤ j 1 < j 2 < · · · < j r ≤ n. A tight fan is a subvariety of P n whose ideal is the intersection of prime ideals of the form (x j1 , x j2 , . . . , x jr −1 , x jr − a r x 0 ) where 1 ≤ j 1 < j 2 < · · · < j r ≤ n.
Lemma. Let X be a real scheme supported on E
⊥ cut out by a balanced monomial ideal. Applying distractions we obtain a fan Y hyperbolic with respect to E and n * (X) ≤ n * (Y ).
Proof.
We proceed along the lines of the proof of [12, Thm. 4.10] . We take the ideal of X that is a monomial ideal generated by monomials in x k+1 , . . . , x n (since it is supported on E ⊥ ). Let A = R[t ij ] m , where i ranges between k + 1 and n and for each i, the index j ranges between 1 and the maximal power of x i in a monomial generating I and m is the irrelevant maximal ideal. Let R = A[x 0 , . . . , x n ] and J be the canonical distraction ideal of I in R. Then J cuts out a closed subscheme X ′ ⊆ P n A that is flat over A and the closed point corresponds to X and the generic point is a fan. This implies that for a generic choice of real numbers t ij , the resulting specialization of J is a fan in P n and does not intersect E (since E is cut out by x 0 = · · · = x k = 0 and in particular the only possible intersection is when all coordinates vanish). Since it is a fan and thus a union of linear subspaces that do not intersect E, we conclude that it is hyperbolic with respect to E. The last inequality follows from the observation after [12, Thm. 4.10] .
Recall from [12] that if X is a fan in P n and we write the ideal of X as an irredundant intersection I = k j=1 p j , each prime is of the form p j = (x ℓ −a ℓ,j x 0 , . . . , x mj − a m,j x 0 ), then we set p = p(X) to be the largest integer, such that for every j we have:
• If m j < p, then a ℓ,j = · · · = a mj −1,j = 0.
• If m j ≥ p, then a ℓ,j = · · · = a p−1,j = 0 for every j. Note that in the definition of [12] ℓ = 1. We need this minor modification since the fans we obtain from the construction in the previous lemma have ℓ = k + 1. Also note that for tight fans p(X) is maximal.
We recall from [12] the definition of linear specializations. We say that x ∈ X specializes linearly to x ′ if there exists an extension k 1 /k and a morphism Spec k 1 [t] (t) → X. Such that the generic point is mapped to x and the closed point to x ′ .
4.6. Lemma. Let X ⊆ P n be a fan hyperbolic with respect to E, and assume that the ideal of X can be written as the following irredundant intersection:
Then there exists a chain of linear specializations from X to Y , such that each is hyperbolic with respect to E and the Y is either a tight fan, Y is a fan with
Proof. We only need to verify that the transformations applied in the proof of [12, Prop. 3.6 ] preserve hyperbolicity with respect to E. Let p = p(X). First note that from the proof of [12, Prop, 3.6] it follows that every change of coordinates of the form
− µx p and x ′ j = x j for j = p, p + 1 results in a fan with the same p and n * . This is an automorphism of P n and preserves E (since p > k), hence we can conclude that every fan in this family is hyperbolic with respect to E. Fix λ, µ ∈ R. Consider the fan in P
Here the coefficients b r,j are a r,j if r = p, p + 1 and b p,j = t(a p − λ), b p+1,j = a p+1 − µa p . It is flat over Spec R[t] and it does not intersect the subset of P n R [t] cut out by x 0 , . . . , x k . Thus, the fiber over every t ∈ R is a scheme whose support is a fan that does not intersect E. For t = 1 it is the fan that we obtained from X by applying the linear transformation from the beginning of the proof and for a suitable choice of λ and µ this limit is precisely the Y we have been looking for. Proof. Let X ⊆ P n be a real subscheme with the prescribed Hilbert polynomial that is hyperbolic with respect to E. We will show that X can be deformed into a tight fan hyperbolic with respect to E, such that the path passes only through schemes hyperbolic with respect to E.
To do this we apply Lemma 4.1 to get a subscheme X ′ that is supported on E ⊥ and note that the Lemma guarantees that the path lies entirely in the closed set of points hyperbolic with respect to E in H(R)
2 ) ≥ n * (X) and thus we can repeat the entire process starting with X ′ 3 . Since the invariant n * only increases and since by [12, Cor. 3.10] there are only finitely many possibilities for n * (Z) where Z is a fan, we will end up with a tight fan after a finite number of steps.
Now the claim follows from [12, Prop. 3.2] and its proof which shows that for any two tight fans X 1 and X 2 with the same Hilbert polynomial there is a flat family of tight fans over some A m which has X 1 and X 2 as fibers at some closed points.
Smoothing nodes
5.1. Definition. A hyperbolic subscheme X ⊆ P n is said to be hyperbolically smoothable if its corresponding point is in the closure (with respect to the classical topology) of the subset of all points corresponding to hyperbolic subschemes without real singularities.
A result by Nuij [21] says that every hyperbolic hypersurface is hyperbolically smoothable. In general, we can not expect that every hyperbolic scheme is hyperbolically smoothable, since it might not be contained in a connected component of the Hilbert scheme with points corresponding to nonsingular varieties. This is illustrated in the next example. However, if the variety is Cohen-Macaulay and if it has only ordinary double points for singularities, then we are able to give a tractable criterion for hyperbolic smoothability.
5.2.
Example. Let C ⊆ P 3 be a hyperbolic plane quartic curve and let L ⊆ P 3 be a line that intersects C in one point. Then the curve C ∪ L is hyperbolic and it is not smoothable since its arithmetic genus is three and its degree is five, cf. [11, 4.3.2] .
Let B be a finitely generated R-algebra, I ⊆ B be an ideal such that A = B/I is a finite dimensional R-vector space and such that Spec A consists only of R-points. 
We identify (ǫ) ∼ = R via ǫ → 1. This is an isomorphism of D-modules. We define the R-bilinear form b ϕ on Nil(A) as follows:
Note that the value of tr A ′ /D (f ′ g ′ ) depends only on the choice of f and g rather than on the particular choice of the preimages f ′ and g ′ .
5.3. Definition. We say that ϕ ∈ Hom B (I, B/I) is a strict hyperbolic deformation if b ϕ is positive definite.
5.4.
Remark. If A is reduced, then every element of ϕ ∈ Hom B (I, B/I) is a strict hyperbolic deformation.
5.5. Remark. In the situation above let A = A 0 × · · · × A r where the A i are local R-algebras. Let p i ∈ Spec A be the point corresponding to the maximal ideal of A i . Assume that A i is reduced for 1 ≤ i ≤ r and that the vector space dimension of A 0 is two. Let f ∈ √ I I. Note that f 2 ∈ I. Let ϕ ∈ Hom B (I, B/I). If ϕ(f 2 )(p 0 ) < 0, then ϕ is a strict hyperbolic deformation. Indeed, let g ∈ A ′ be the residue class of f . Then we have tr
2 − x. The zero dimensional scheme Spec A where A = B/I consists of the two reduced points at (0, ±1) and one double point at (1, 0) . In order to apply the previous remark we consider xy ∈ √ I I. We have
Therefore, the strict hyperbolic directions are precisely those ϕ ∈ Hom B (I, B/I) with ϕ(g 1 + 2g 2 )(1, 0) > 0. This matrix is not positive definite for any value of b, c ∈ R. Thus, there are no strict hyperbolic deformations of A in B over D.
Now let X ⊆ P n be a closed Cohen-Macaulay subscheme of pure dimension k which is hyperbolic with respect to a linear subspace E ⊆ P n of dimension n−k −1. Let E ′ ⊆ P n be a real linear subspace of dimension n − k which contains E and let X ′ = X ∩ E ′ be the scheme theoretic intersection. Since X is Cohen-Macaulay, we get a natural homomorphism
Since X ′ is zero dimensional, we can make the following definition.
5.8. Definition. Let X ⊆ P n be a closed Cohen-Macaulay subscheme of pure dimension k which is hyperbolic with respect to a linear subspace E ⊆ P n of dimension n−k−1. A global section of the normal sheaf N X/P n is a strict hyperbolic deformation if for every real linear subspace E ′ ⊆ P n of dimension n − k which contains E its image in H 0 (X ′ , N X ′ /E ′ ) with X ′ = X ∩ E ′ is a strict hyperbolic deformation.
5.9. Lemma. Let T be an integral noetherian scheme, d ∈ Z and X ⊆ P n T a closed subscheme such that for every t ∈ T we have that
is Cohen-Macaulay and has degree d. Then every finite surjective linear projection
Proof. It suffices to show that for every p ∈ P k T we have that the Hilbert polynomial of X × P k T Spec κ(p) is constant d [13, Thm. III-9.9]. Let t ∈ T be the image of p under the projection P k T → T . We have the following commuting diagram of morphisms:
Since X t is Cohen-Macaulay of degree d, the linear projection X t → P k κ(t) is flat of degree d. Thus, the same is true for the base change (X t ) κ(p) → P 
] be the linear projection from E. It follows from our assumptions that π is finite and flat by the preceding corollary. Let v : R → Q∪{∞} be the natural valuation on the field of Puiseux series. Letting p = (p 0 : . . . : p k ) ∈ P k R with p i ∈ R not all zero, we have to show that the trace bilinear form that we get from the projection X ′ R → P k R is positive definite at p. Without loss of generality we can assume that v(p 0 ) ≤ v(p i ) for all 1 ≤ i ≤ k. In particular, p 0 = 0 and p = (1 :
] be the open affine subset given by x 0 = 0 and let
As an A 0 -module A 1 is finitely generated and flat, thus it is projective. By the Quillen-Suslin theorem (cf. e.g. [6, Thm. 8.5]) A 1 is actually free as A 0 -module. Thus, after choosing a basis we can represent the trace bilinear form of the A 0 -algebra A 1 with a symmetric matrix H with entries in A 0 . We can write
where H 0 , H 1 are symmetric matrices of some size d with entries in R[x 1 , . . . , x k ] and H 2 is a symmetric matrix with entries in A 0 of the same size. The trace bilinear form of the projection X ′ R → P k R at p is represented by the matrix H(q) that we get from H by substituting x i by q i . Also note that the trace bilinear form of the projection X → P 5.12. Corollary. Let X ⊆ P n be a closed Cohen-Macaulay subscheme of pure dimension k which is hyperbolic with respect to the linear subspace E ⊆ P n . Assume that the Hilbert scheme is nonsingular at the point x corresponding to X. If there exists a strict hyperbolic deformation in H 0 (X, N X/P n ), then X is hyperbolically smoothable.
5.13.
Remark. Let X ⊆ P n be a hyperbolic subscheme, let T be a smooth, irreducible curve over R and let X ′ ⊆ P n × T be a subscheme, flat over T such that the fiber over t 0 ∈ T (R) is X. Proposition 5.11 gives a criterion on the induced flat deformation over the dual numbers to check whether t 0 is in the closure of the set of points t ∈ T (R) whose fiber is a smooth hyperbolic subscheme. In general, for deciding this question it is not enough to look at the induced flat deformation over the dual numbers as the following example shows: Let B = R[x] and I = (x 2 ). The following two flat deformations of A = B/I in B over R[t] given by I 1 = (x 2 + t · x) ⊆ B[t] and I 2 = (x 2 + t · x + t 2 ) ⊆ B[t] give rise to the same deformation over D. But while in the first case every fiber over t = 0 consists of two reduced real points, we find that in the second case no fiber consists of two reduced real points.
Recall, for example from [24] , that a reciprocal linear space is the Zariski closure of the image of a linear space under the Cremona transform. These projective varieties are hyperbolic [27] , but usually very singular [24] . In the following two examples we will use the methods developed in this section to get new examples of smooth hyperbolic varieties from reciprocal linear spaces.
5.14. Example. We consider the reciprocal linear space X ⊆ P 4 of dimension two and degree four from [24, Example 1] . We have that X is the common zero set of the two polynomials f = x 0 x 1 − x 0 x 3 − x 1 x 3 and g = x 0 x 2 − x 0 x 4 − x 2 x 4 . It is hyperbolic with respect to the line E spanned by we find that ϕ ∈ Hom S (I, S/I) is a strict hyperbolic deformation if ϕ(g 2 )(p 1 ) < 0, ϕ(g 1 )(p 2 ) < 0, ϕ(g 2 )(p 3 ) < 0, ϕ(g 1 )(p 4 ) < 0. Let q = (x 1 + x 3 ) 2 + (x 2 + x 4 ) 2 . The variety X t ⊆ P 4 cut out by the two polynomials f t = f − tq and g t = g − tq is smooth and disjoint from E for all t > 0. Thus, by the Proposition 5.11 and Corollary 3.6 X t is hyperbolic for all t > 0. The singular locus of L −1 consists of all lines spanned by two standard unit vectors except for the three lines e 0 e 1 , e 2 e 4 and e 3 e 5 . The linear projection from L ⊥ is given by
